A conformal factor embeds Bohr space in six dimensions. The geometry of the embedding generates a five dimensional hypersurface with O(6) symmetry. The reduction from the hypersurface in six dimensions to the initial Bohr space, leads to a group contraction from O(6) to E(5) at infinity.
At subatomic scales matter is structured into particles, but the interpretation of phenomena related to nuclear collective motions in atomic nuclei, functions through the reference to a continuum of nuclear matter with Riemannian geometry. Methods developed in cosmology for the description of the spacetime continuum at large scales, may also be used for the understanding of such nuclear phenomena as well as the structural evolution of atomic nuclei.
The comparison of the collective modes of motion of an atomic nucleus with the oscillations of an irrotational fluid [1] , which consists of nuclear matter outspread at infinity [2] , defines the reference to the continuum. Bohr space [3] is a five dimensional Riemannian geometry for the continuum. Shapes of finite atomic nuclei, axially symmetric, triaxial, and close to spherical (γ-unstable), can be represented by specific constraints of Bohr space coordinates. But the initial reference to infinity, which defines the continuum, is absent in Bohr geometry.
Nuclear collective modes of motion can also be analyzed in terms of Interacting Bosons, paired valence nucleons without isospin of angular momentum zero (s boson) and two (d boson) [4] , which build the U (6) symmetry group. Three different chains of U (6) subgroups define the dynamical symmetries of the Interacting Boson Model the U (5), SU (3), and O(6). In its geometrical limit, obtained through the coherent states of U (6) [5] , the number of bosons extends to infinity which also defines a continuum. Dynamical symmetries are thus translated into phases of nuclear structure which accommodate spherical, axially symmetric, and γ-unstable shapes, through energy surfaces expressed in Bohr coordinates.
The relationship between the continuum of Bohr geometry and that of the geometrical limit of the IBM, has been for many years a matter of investigation. This is also the case in the study of Quantum Phase Transitions [6] , where the reference to infinity in the context of the IBM is of primary importance for the manifestation of these phenomena in the evolution of structure of atomic nuclei. Their connection with shape transitions in Bohr geometry and the possible symmetries which characterize the transition, critical point symmetries, challenge again the relationship between the geometrical limit of the IBM and Bohr geometry.
It is the purpose of the present article to propose a geometry able to host the definition of Bohr space at infinity. Success relies on the embedding of Bohr space in six dimensions as a five sphere. A conformal factor compares the five sphere with the initial Bohr space which is revealed as the boundary at infinity. The symmetry group of the five sphere is the O(6), until now present in the context of the IBM only, and contracts to the E(5) symmetry at infinity. Bohr space can be defined by the element of length
with
These coordinates span a five dimensional space R 5 . It is defined [7] by the tensor product of the radial line R + , which represents the totality of β values, and the unit four sphere S 4 , which represents the totality of the values of the angle γ and the three Euler angles Θ, Φ, ψ.
In what follows, the notation (β, Ω 4 ) for the Bohr coordinates q i will be useful, with Ω 4 representing the four angles.
If dΩ 4 is a line element on the unit four sphere S 4 , then a consistent form of an R 5 line element with the definition of
The second term β 2 dΩ 2 4 , generates a kinetic energy with moments of inertia which increase markedly with respect to β [1] . A moderation of their rapid increase [8] is obtained by applying a transformation in Bohr's metric
This is a conformal transformation dependent on the variable β and a parameter a. The line element ds in Eq. (2), affected by the conformal factor give a dl with
considering dl attached to a hypersphere and ds a line element in the R 5 space. Pick a system of coordinates of five angles (χ, Ω 4 ), with χ = χ(β), and Ω 4 the same as in Bohr space. The totality of the values of the five angles (χ, Ω 4 ) at a common radius define the five sphere S 5 . A line element on the five sphere of radius R is
The presentation of an appropriate transformation between the angle χ and the radial variable β, able to produce a comparison between the line element dl of the S 5 and the ds of the Bohr space R 5 ∼ R + × S 4 , with the conformal factor of , and set sin χ =β √ 4a. Then
Define the radial coordinate β from
Substituting this in Eq. (6), Bohr line element is obtained with the attendance of the conformal factor
Examination of theβ values in Eq. (7) for limit values of β, illustrates the geometry. For β = 0,β is zero and for β → ∞,β goes to zero. The beginning and the end of theβ for the totality of β values is the same point. Angle χ geometrizes this circle feature of theβ, with the interval of its values to be 0 ≤ χ ≤ π.
On the other hand, parameter a quantifies the comparison of S 5 with the R 5 . In Eq. (8), for a = 0 Bohr line element ds is obtained. With a present, the conformal factor maps Bohr space on the S 5 sphere.
By definition, an n-sphere lives in an n+ 1 dimensional Euclidean space. Bohr geometry with the parameter a is that of the 5 sphere and lives in a 5+1 dimensional space. This is an embedding of the five dimensional Bohr space into a 5 + 1 space and defines its existence as a hypersurface in six dimensions. A geometry of six dimensions is also predicted by the coherent states of the U (6) symmetry group [5] .
Definition of the involved coordinate systems introduces the Euclidean six dimensional space, in comparison with the R 5 space of the quadrupole degree of freedom. q m , (m=2,1,0,−1,−2) , are the five quadrupole coordinates withq ·q = m q 2 m = β 2 their total "length". Pick a cartesian coordinate system of q u , (u=0,..., 5) , to define the six dimensional Euclidean space R 6 . Let the six dimensional line element du of the R 6 be
The sphere S 5 of radius
defines a boundary in six dimensions, represented by the equation
From the totality of the points in R 6 , we refer to those on the boundary of S 5 defined in Eq. (10). These points can be related to the quadrupole coordinates through stereographic projection from the north pole of S 5 to a tangent plane. Standard relationships of stereographic projection [10] give
which show the projection from the north pole of the S 5 sphere of radius R =
, to the tangent plane located
. Now,β is revealed as the projected radial variable from S 5 to the tangent planẽ
Equivalently, the five quadrupole coordinates q m are embedded in the six dimensional Euclidean space with the conformal factor 1 1+a(q·q)) , because of Eq. (11). This is seen by the expression of the six dimensional line element on the boundary of S 5 [10] 
The demand of constructing a geometry capable to accommodate infinity as the definition of the Bohr space, is achieved for a = 0, then the radius of the S 5 sphere goes to infinity. This is the boundary at infinity, represented by the R 5 plane. With a = 0, the conformal factor . Any well defined boundary in six dimensions can be called as a Bohr hypersurface. This reflects the possibility of the existence of Bohr type Hamiltonians in these hypersurfaces, up to a conformal factor. The original Bohr hamiltonian belongs to the boundary at infinity. The modified one presented in [8] , corresponds to the boundary of S 5 . However, the symmetry group of the totality of transformations of the S 5 sphere into itself is the O(6), which is able to produce additional terms in a corresponding Hamiltonian from the one presented in [8] . On the other hand, the comparison of S 5 to R 5 which involves a dimensional reduction from six to five dimensions, can be studied with the use of the group contractions.
As the Lorentz group contracts to the Galilei group in the reduction from the spacetime to the three dimensional space, as the full symmetry group of transformations in the De Sitter space contracts to the Lorentz group in the reduction from five dimensions to the spacetime [11] , O(6) group contracts to the Euclidean group E(5), in the reduction from six dimensions to the five dimensional Bohr space.
The contraction from O(6) to E(5) is a known one [12] . But first let us construct the generators of O(6) in terms of q u and their conjugate momentum generators ∂ u . O(6) generators are obtained as the special case of n = 5 for the O(n + 1). With u, k = 0, O(6) generators are
At the boundary of S 5 , nuclear collective modes of motion will be compared with oscillations on the tangent plane through the conformal factor. This is equivalent to a scaling of the quadrupole coordinates and their conjugate momenta
Substituting in the first part of Eq. (14), Q uk = Q mn which are the generators of the SO(5) symmetry. This also holds for a = 0. Contraction process [11, 12] examines the generator Q u0 at the north pole of the S 5 , where
and the rest q u = 0. Then
This expression is singular for a = 0, the boundary at infinity. Define the operator
The set of generators {Q uk ,Q u0 } again closes the O(6) group. Now at the north pole
These are the momentum generators in the R 5 . The set of generators {Q uk ,Q u0 } in the limit of a = 0 contracts to the set {Q mn , ∂ m }, which generates the Euclidean E(5) group. E(5) symmetry is known [13, 14] in the Bohr hamiltonian. Its generators [14] are identical to those obtained here and corresponds to the infinite square well for the β variable [13] . The above discussion made no reference in any potential, was dependent only on the conformal factor. In [8] the conformal factor 1 1+aβ 2 is chosen as the one which retains the shape of the Davidson potential. Davidson's symmetry [7] is the SU (1, 1) × SO(5), which should be respected by the chosen conformal factor. However, the Bohr hypersurface at the boundary of S 5 has O(6) symmetry, a fact whose understanding invokes the duality between the O(6) group of the IBM and the SU (1, 1) × SO(5) group [15] . But, in the limit of the radius of the S 5 sphere to infinity, E(5) symmetry group is generated.
In [13] E(5) symmetry is proposed to be the one characterizing a second order shape phase transition from spherical to γ-unstable (close to spherical) nuclei. Such shape phase transitions are dominant phenomena in the evolution of structure of atomic nuclei. A nuclear matter continuum, basic ingredient for the manifestation of these phenomena, presupposes a reference to infinity. In six dimensions on the boundary of the S 5 sphere, the reference to infinity is expressed through the conformal factor for a = 0, point where E(5) symmetry emerges.
